Abstract. We study the intrinsic heat equation governing the motion of plane curves. The normal velocity v of the motion is assumed to be a nonlinear function of the curvature and tangential angle of a plane curve Γ. By contrast to the usual approach, the intrinsic heat equation is modified to include an appropriate nontrivial tangential velocity functional α. Short time existence of a regular family of evolving curves is shown in the case when v = γ(ν)|k| m−1 k, 0 < m ≤ 2 and the governing system of equations includes a nontrivial tangential velocity functional.
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We study the evolution of a closed smooth plane curve Γ : S 1 → R 2 with the normal velocity speed v depending on the curvature k and the tangential angle ν, i.e. v = β(k, ν). As a motivation one can consider e.g. the multiphase thermomechanics where the plane curve evolution satisfying v = β(k, ν) is an appropriate model for describing the motion of phase interfaces (see [AG] ). Another application arises from the image processing where the affine invariant scale with v = k 1/3 has special conceptual and practical importance (see [ST] , [AST] ). In our approach a family of evolving curves Γ t = Image(x(., t)), t ∈ [0, T ], is represented by the position vector x : Q T = S 1 × (0, T ) → R 2 satisfying the intrinsic heat equation
where s is the arc-length parameter and θ 1 , θ 2 are geometric quantities, i.e. functions whose definition is independent of particular parameterization of Γ t . By using Frenet's formulae, the intrinsic heat equation can be rewritten as
(2) Given a function β, the only constraint imposed on θ 1 , θ 2 is the condition θ 1 θ 2 = k/β. This gives raise to various choices of θ 1 , θ 2 and subsequently to various tangential velocities α. It is well known (cf. [AST] ) that the tangential velocity functional α does not change the shape of evolving curves. On the other hand, the presence of a suitable tangential velocity is very important in order to suggest a powerful numerical scheme for solving the geometric equation v = β(k, ν) (cf. [MS1] , [MS2] ). The choice of a trivial α = 0 may lead to computational instabilities caused by merging of numerical grid points representing a discrete curve or by formation of the so-called swallow tails.
If we denote g = |∂ u x| then the intrinsic heat equation can be rewritten in terms k, ν and g as follows
In this paper we propose a special choice of the tangential velocity functional α such that that the ratio of the local length element g = |∂ u x| to the the total length |Γ t | is constant with respect to time, i.e. ∂ t (g/|Γ t |) = 0. Combining the third equation in (3) with the equation for the total length
Notice that there is a unique α satisfying (4) up to an additive constant which can be determined from the normalization condition θ 2 (0) = 1 (see (2)). This choice of α leads to a powerful numerical scheme having the property of uniform in time redistribution of grid points and preventing the computed numerical solution from forming the above mentioned numerical instabilities (see [MS2] ). Let us denote by E 0 , E 1 the following Banach spaces
where c k+σ , k = 0, 1, 2, is the little Hölder space, i.e., the closure of C ∞ (S 1 ) in the topology of the Hölder space C k+σ (S 1 ) (see [A1] ). If β = β(k, ν) is a C 2 smooth function such that
where λ ± > 0 are constants then by using the abstract theory due to Angenent (cf. [A1] , [A2] ) we can prove the local existence and uniqueness of solutions of (3).
is a C 2 smooth function satisfying (6) and α is the normalized solution of (4) then there exists a unique classical solution
This result can not be however applied to the singular case when β(k, ν) = γ(ν)|k| m−1 k, m > 0. Here γ : R → R + is a given C ∞ smooth anisotropy function satisfying 0 < C
To make use of the result established in Theorem 1 we must go through a regularization argument. A similar technique was applied in [AST] for the case of the so-called affine invariant scale v = k 1/3 . We slightly modify their approach for more general anisotropic power like function β(k, ν) including both fast (0 < m < 1) and slow (1 < m) diffusion case and for the case when the system of governing equations (3) involves a nontrivial tangential velocity term α given by (4). The main idea is to regularize β by some β ε satisfying (6) and then to provide necessary a-priori estimates which are independent of the regularization parameter ε. Similarly as in [AST] the key step is to find L ∞ estimate for the gradient of β ε . This can be done by following the Nash-Moser iterative technique for estimating X p (t) = Γ t |∂ s β ε | p ds where p = 2 k and k tends to ∞. Now suppose that either 0 < m ≤ 1 or 1 < m ≤ 2 and the initial curve Γ 0 satisfies the structural condition
Then one can show that there is a constant M > 0 such that max
4 for any 0 < ε 1 and 0 < t ≤ T (cf [MS2, Lemma 5.4] ). Having this bound on the gradient of β ε it can be shown by letting ε → 0 + that the geometric equation (2) has a regular solution.
be a smooth regular plane curve as in Theorem 1. If 1 < m ≤ 2 we also suppose that Γ 0 satisfies the condition (7). Then there exists T > 0 and a family of regular plane curves (., t) ), t ∈ [0, T ] of regular plane curves satisfies the geometric equation ∂ t x = β(k, ν) N + α T where α is the tangential velocity preserving the relative local length, i.e. ∂ t (|∂ u x(u, t)|/|Γ t |) = 0 for any (u, t) ∈ Q T .
It is worth to note that the condition (7) is fulfilled in the case when 0 < m ≤ 1 or Γ 0 is strictly convex or in the case when 1 < m and Γ 0 is a nonconvex smooth curve whose inflection points have at most 2 + 1 m−1 order contact with their tangents. In the next Figures 1-2 we have computed affine evolution of the same initial curve. The initial curve has been discretized uniformly. First, we have used the tangential velocity preserving the relative local length. As it can be seen from Fig. 1 ., the uniform initial distribution is then preserved during evolution. The numerical blow up time is T max = 0.694, solution stabilizes on an ellipse with the isoperimetric ratio tending to 1.33 which is in a good agreement with analytical results due to Sapiro and Tannenbaum ([ST] ). On the other hand, without tangential redistribution (i.e. α = 0) one can see a rapid merging of several grid points corresponding to the vanishing of the local length element |∂ u x|. In Fig. 2 we see the evolution until t = 0.38 just before collapse. Fig. 1 . β(k) = k 1/3 , discrete evolution using tangential redistribution of grid points preserving the relative local length. Fig. 2 . β(k) = k 1/3 , without redistribution, computation collapses due to vanishing of the local length |∂ u x|.
